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K. IVACAVA.- Théorie des Séries L. - April 1952

Let &k be o finite algebraic nunber field, J the idele group of k &
topologized as in a recent paper of Weil. J ig a locally compact abelian
group containing the principal idéle group IP es a disecrete subgroup.

We denote by JO the subgroup of J consisting of iddles (L = (ap) such

that apz‘! for 2ll infinite (i:.e. arehimedea,n) primes P . Ve esall Jo

the finite part of J aond define %he infinite part J oo Similarly, so that
we have

J=JOXJ°° " OL--()ZOOL O‘laéJo, (%A €d

co ¢ oo

. We also denote by U the compact subgroup of J concisting of ideles
oL z(ap) such that the absolute value lnp( =1 for every prime P .,

U6= on 3‘0 is then an open, compact subsroun of JO and JOIUC is canenfealls
isomornhic o0 the ideal group I of k . iccording %o Az*'bin-’fnapm, we can

choose the absolutc values }ea.pi17 so tkat the volume funetion

V{ot) = Tf 2 { (Ot = Az )) has the value 1 ot every principsi i831e

o A4 DVt

¢ € [P (the prodnet formla) ond that V(& , is-equnl to the sbaelute
nerm  IT{ OL O) of ths ides 3{0, which corresponds +o («l hy the ahove
iscmorphism betweer JQ/UG ond I .
We now define a functior o(oL) by
pla) = glag) ¢loe, ),
‘PWLO) = ii s if 3’1.0 iz an integral ideql,
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where n 1s the aboolute degree of k¥ , &A is the discriminont of k

ap ' are the components of ¢ ot the infinite primeg Poo 5 and
0095» ' »

e°z1 or 2 according as P 00 .4 is real or complex. Since UO is open in J
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w(eL) is o continuous function on J ond we define o funetion }(s) by

(1) f(s) =fJ (p(OL)V(OL)Sd;J.(O'L) : for s >1.
Here p{odl ) denotes 2 Hanr measure of the locally compact group J .
Ve shall eoleulate this integral in tvwo different ways.
Pirgt, using J = Ig*d o (p(o‘c):tp(mo)tp( A,) and
V() = V(o )Vice ),
% (s) zf‘To @(“O)V(%O)de(@&[r plory, (e, Wapte ) .

s ,
If we note that UO is an open, compact subgroup of JQ and JO/“UO?;{ I

vwe have

4

we see ilnmediately +that the Ffirs: integral on the right-hand side is

==

egual to (up 0 a2 pociwive constant) the zeta-funchion 5(3):22&’(&'}“5
(0L = integral ideal) of k . On +he other hané, J,, beins the direct

product of r copics of the multiplicative group K of the real or complex

- number-£ield K , the second integral is the product of intesrals of %he

fornm

T 1,18
j;gég exp (- ﬁ;ﬁg el t{7)1%{ ap(t) e=1or2,

which can be easﬁ%y calculated 'tof;fe egual %o
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A wt T) or A" 278 g8 T'is) ,
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according as X is real or complex. Ve have thercfore
3 75 4

..rsa%e?‘*s@ ’—%{%\éﬁ ‘%i

(s) = const. 27%28 4~ T * 71 5/ [(s) ° €

o

%
53;0

(2)

G
£

The above calculstion alse shous that the integral (1) actually converges
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e now transform the same integral (1) in onother way. NHamely, we
first intepgrate the function £ )-(p(UL)V(CIL)*’ on the subgroup [P
and then on the factor group & = J/|P = 95‘2} :

] f(Dt)dp(Uz) f J{ £(oa)ap (tx)?dn(ab)

llowever, since P is d_f_sc ete and V(i) = V(o )V(a) = V(o )=V(X),
we have

L’f(ma)du(o&) (2 go(r)lo:))V(Ot )S
1

BX) = Z, tp( on a)
@ (F) =1 wwz) .ZZ ol a) ,

the thete-formuls

, - I 5 —-% SR i -

(&) = V@) @(Pa ) or FIR) = V(&) 19(79& )47 (5% )~

holds, where % is an iddle of volume 1 such that ’79,; is the different

of k and its infinite components are 0ll egual %o \/K - We have now
= | BlEIVL TN aul Ty = . - -

and here the f:e_rst integral on the rlﬂht—hand side

us) = Jp, ) 21 PUE V(T Pap(ar )

and 1f we put

glves an intepral function of s s Tor this integral converges absolutely
for every conmplex value s , because of the convergence of (1) for s>1
and because of V()21 . Using the theta-formuls and the invariance
of Haar nmeasures, we can transform the second integral as follows s
” : - ok Gk B QU -4 = 18 g
Vid)g1 S way<1 (V&) PUdar™ ()™ 1)v(& yap(& )
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- | B N NP PP = 1wg o, =8 = - ==t
“4(@?)21 ((?(19")"}?("‘ ) + V(o) ™ (o )™ )ap(a) (vy m— oL )
[- .
=J T2 1 ‘?(15‘%)‘1‘(0*:)1 sdpiw)ﬁ[v(ﬂm(v(aff ~V(&) S)dp(o:,)
vt; ()2 1 Bla y(a ) ~Sap(x )4»-\»’.:,(1:9.1 (V(m)1" V(o) )ap(d)
—
(vy G- > X  and () =1)

1-8 = P
{V(&!} - V(& ) “Hap(x ) .
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Tow, the set of all ideles L such that V(d )=1 forms a closed subproup

J1 of J and 1t can be seen easely that J 1z the direct product of

J1= J1/QP and a2 subgroup S which ig canonically isomorphic to the
t

multiplicative group T =3t = V(Jf)} of positive real numbers. Hence
we have

. A vy =3 Y e o K ' =
"[V(()L)z."i (V(O‘L) "“V(U(a) dVJ(U?/) ““/J,i \[g,v(%)§1
AN &

£ Z1
= T - L)
Ye have, therefore, the Fformuls
(3) o) =Uls) +9li=s) + @z - 1), (5> 1).
I+ then Ffollows imnediétely that E(s) is a repular anslytic Pfunction

of s on the whole s-plane except for simple

e

oles at =0, 1 and i%
satisfies the equation

§ls) = §-s) ,
which is nothing but the funciional equation ¢f the zeta-function §{s)

(e2. (2)).
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The formmla (3) also shows that the meagure pi{d,} of Jy 1s finite.

§

Since 3} i1s a loczlly compact group, this means that 32 is compact.
How, we put I = {Eb;zJ@c ) (EJ& and congider the sequence of groups
J, DHPSUP P .

Since U is caapac% UP is closed in J?, and, since UC7‘Joc ig open

in d , H and HP arc open subgroupe of J1 - Lt thon follows from the
compachness of J, = Ji/P that Ji/HP and [P/UP are both compaoct
groups. Dut, aog HP is open and Jé/ﬁ? ig discreteglééjﬁP must be finite.
Consequently, the group J/(Uo;tigmﬁ)? » Waleh 15 eosily seen %o be

i Fovm

isomorphic 1o J,710P, ig o finite group and this broves the finiteness
t 4 z
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of the idenl classes of k . How, II/U is isopmorphie +o (J,NT, )//

(Uikdéo) nd hence is an (r-1)-dimensional veetor group. On the other
hand, we see from the isonorphisns

HE/UP = I/U(HNP), UT(HNP)/T = unzvne ,
that IIfU(INP) is compact and U(Hf}Pz/U' ig discrete. Since H/U is &
vector group, this inmplies that U(H{\IU/U' ig on (r-1)-dinensional lat-
tice in H}U and, conseguently, that H/?E/UFEE ls o free gbelian group
with r-1 generntors. Iowever, as is reodily seen, HNP and UNP agre the
unit proup and the sroup of roots of unity in Iz « Ilenee the cloggical
Dirichlet's unit theoren hos been proved.

The above method of rroving the functional equation can be also ap-
plied %o Heclke's L-functions with “Groscencharalrberent s for sueh a
character % 1is o continuous character of J vhich is trivial on 5 -

The integrand of (1) pust be then ﬂeplaceé by

where olo ,X ) is o similar funection %o w{g ), dencnding on p A

the zmeto~function {or L-functions) of a division alpgebro over g finite

algebraic number-field can also be treated in o sinilaw way, though here

integrations over linear sroups anpear aund calculctions are more complico-
For the above proof of the functional cquation of &ls), two groggfa

theoretical faoots seem to0 be essentinl. One is the topological structure

of the group J, +that of its subgroups and fachor

the inveriance of Haar measures on then, and the other is the theto-
formula, which is an analytieal exprescion for the self-cduality of the
additive group of the ring R of valuation vectors (= additive iddles)

of ¥ . J Dbeing exactly the multiplicotive proup of R, hore the sdditive
and multiplicative p”ODG?%iC" of E are subtly mixed up and it seems to

me likely that something es oentlal to the arithmetie ¢f k is still hidden
in $his connsmtion, though I enly know that the usual topology of J coinei-
des with the onc which is obbained by considering J as a grou 10 of automor-
phisme of the 2dditive group of R in the sense of BraﬁﬁuJiQT:



